The carrier-envelope-phase (CEP) dependence of correlated electron dynamics in molecular nonsequential double ionization by few-cycle laser pulses is investigated with the three-dimensional classical ensemble model. Our results show that the asymmetric longitudinal momentum spectra of the doubly charged ions strongly depend on the CEP of the laser pulses, and the CEP-dependent asymmetry in the ions' momentum spectra varies with varying internuclear distance. By tracing the classical trajectories, it is found that the ionization dynamics of the first electron greatly affects the asymmetry. Back analysis reveals that with increasing internuclear distance, the pathway responsible for energy transfer between the two electrons changes from the recollision process to the collision process. This change causes the shape of the CEP-averaged ion momentum distribution to show a double-single-triple peak structure as the internuclear distance increases.
I. INTRODUCTION
Nonsequential double ionization (NSDI) [1] is one of the most interesting phenomena in strong-field ionization as it involves the correlated motion of two electrons. Many experimental and theoretical studies [2] [3] [4] [5] [6] [7] [8] have addressed the underlying mechanisms for different target species, pulse durations, intensities, and wavelengths in the past three decades. Nowadays, the widely accepted picture of NSDI is the quasiclassical rescollision model [9] . According to this recollision scenario, an electron is ionized by the laser field. Then it is driven by the oscillating electric field and returns to the parent ion as the electric field reverses its direction, recolliding with the ion inelastically and leading to the release of the second electron in a direct recollision ionization process or indirectly via recollision-induced excitation with subsequent field ionization (RESI) [3] .
With the rapid advance of ultrafast laser technology, intense ultrashort laser pulses with durations as short as a very few optical cycles have been generated and become available tools [10] . Since the electronic motions in atoms and molecules, which are on the attosecond scale, can directly respond to the instantaneous field of the driving pulse, the carrier-envelope phase (CEP) or absolute phase of the few-cycle pulses dramatically influences the ultrafast laser-matter interaction processes [11] , such as high-harmonic generation [10] , above-threshold ionization [12] , laser-induced NSDI [13] , and electron localization [14] . For NSDI, by controlling the CEP, few-cycle laser pulses can achieve only one single recollision event contribution to NSDI, which is of great importance for the understanding of correlated electron emissions. Previous experiments have measured the momentum distribution of doubly charged ions from NSDI by few-cycle laser pulses [13] and found strong CEP dependence of the NSDI process. The correlated electron momentum spectra obtained from NSDI by few-cycle laser pulses have been explored in various theoretical studies [15] . Recently, the measurement of correlated momentum distributions for NSDI in the single-cycle limit has been presented [16] [17] [18] for two laser intensity regimes. For relatively low intensity, a linelike distribution parallel to the main diagonal in the correlated momentum spectra is observed for argon NSDI. A classical analysis illustrates that the ionization time difference between the two electrons released from a doubly excited state is crucial for the emergence of the linelike distribution [16] . At a relatively high laser intensity, the measured two-electron correlated distributions arising from NSDI of argon [17] and nitrogen [18] all exhibit a cross-shaped structure that qualitatively differs from spectra recorded in all previous experiments using many-cycle pulses. With the help of classical trajectory diagnosis, the authors demonstrated that the RESI mechanism is responsible for the cross-shaped structure in the correlated momentum distribution.
Compared with the atomic case, the ionization dynamics of molecules is more complicated due to additional degrees of freedom [19] . For instance, the ionization probability of molecules changes with the internuclear distance, reaching a maximum at a critical distance [20] . Moreover, recent experiments have measured the angular distributions from NSDI [21] for stretched molecules, and found a strong internuclear-distance dependence of the NSDI process [22] . In this paper, the correlated electron dynamics in molecular NSDI driven by few-cycle pulses is investigated using the full three-dimensional (3D) classical ensemble model [23] . The results show that the asymmetric momentum spectra of doubly charged ions sensitively depend on the CEP and the internuclear distance. Back analysis reveals that the asymmetry of the ion momentum spectra is closely related to the ionization dynamics of the first electron. In particular, by tracing the classical trajectories, it is found that the responsible double-ionization (DI) pathway is transformed from the RESI channel to the collision-induced excitation with subsequent field ionization (CESI) channel with increasing internuclear distance. This transformation of NSDI channels leads to the result that the shape of the CEP-averaged ion momentum distribution shows a double-single-triple peak structure as the internuclear distance increases. This paper is organized as follows. In Sec. II we briefly describe the computation model. The results of the calculation are shown in Sec. III. The mechanisms for NSDI at different internuclear distances are presented and discussed in Sec. IV. In Sec. V the CEP effects on the ionization dynamics are analyzed. Finally, we summarize our results in Sec. VI.
II. THE CLASSICAL ENSEMBLE MODEL
The classical ensemble model proposed by Eberly and co-workers [23] has been widely used to study DI of atoms and molecules in intense laser fields [23, 24] . In this study, we use this model to investigate the NSDI of diatomic molecules by few-cycle laser fields. The evolution of the system in this model is determined by the classical motion equation (atomic units are used throughout the paper if not stated otherwise)
, where the subscript i labels the two different electrons and E(t) is a linearly polarized electric field. In the present calculations, the laser pulse is a few-cycle pulse with polarization direction along the z axis. Its electric field is E(t) =ê z E 0 sin 2 (πt/τ ) cos(ωt + φ), wherê e z is the polarization vector. E 0 , ω, T , φ, and τ are the amplitude, frequency, period, CEP, and the total duration of the pulse, respectively. The wavelength λ = 780 nm and the intensity I = 1.5 × 10 14 W/cm 2 . The total duration of the pulse contains four laser cycles, where the full width at half maximum (FWHM) is about 3.8 fs. The nucleus-electron and electron-electron interactions are represented by a 3D soft-core Coulomb potential
2 + a 2 and V ee = 1/ (r 1 − r 2 ) 2 + b 2 , respectively. R is the internuclear distance which is aligned along the z axis. In this work, we vary the internuclear distance from 2 to 12 a.u. For each R, the ground-state energy of the model molecules is obtained from [25] , corresponding to hydrogen molecules. In our calculations, the target is just a simple classical model for a diatomic molecule. When a molecule is exposed to strong laser fields, since the energy levels can be shifted by the electric field by an amount comparable to the field-free energy level differences, the discrete character of the energy spectrum of a molecule is weakened. Thus, a classical model molecule including an infinite number of excited states often behaves very well and reveals many detailed dynamics processes in strong-field ionization [24, 26, 27] . With the present laser intensity, due to the low collision energy, the two electrons are in bound states after collision and then released one by one by the laser field near the subsequent field maximum. This process of double ionization is not dependent on a particular excited state of an actual molecular system. In the equation presented above, a and b denote Coulomb softening parameters. As demonstrated in Ref. [24] , the soft-core parameter a is employed to prevent autoionization, which sets the lower limit of a. There is also an upper limit for a, which is determined by the condition that there is a classically allowed region for the two electrons with the total energy of the ground-state energy of the target. For the targets investigated in this paper, the lower and upper limits of a are about 1.0 and 2.0 a.u., respectively. Here, as in Ref. [26] , the parameter a is set to be 1.15 a.u. Note that a change of the parameter a has little impact on the statistical results presented in our paper. The parameter b is included to avoid a mathematical singularity in the calculations. Indeed the value of b has no physical meaning. It could be set to equal any other small value. In our work, we set b = 0.05 a.u.
In our calculation, the two nuclei of the model molecule are fixed at (0,0,−R/2) and (0,0,R/2), respectively. The initial state of the ensemble is obtained as follows. First, the two electrons are distributed around the two nuclei using a double-peak Gaussian probability distribution. Second, the available kinetic energy of the electron pairs is determined so that the system will have the energy of the ground-state energy (the sum of the first and the second ionization potentials of the model molecule). Any positions outside the classically allowed regions (which would give negative kinetic energy) are rejected. Third, the available kinetic energy is distributed between the two electrons randomly in momentum space. Finally and most importantly, the electrons are allowed to evolve for a sufficiently long time (200 a.u.) in the absence of the laser field to obtain stable position and momentum distributions [24] . When the initial state of the ensemble is obtained, the electric field is turned on and the entire process is determined by the classical motion equation presented above. After the laser pulse is turned off, we define double ionization if both electrons have positive energy.
III. CEP DEPENDENCE OF THE MOMENTUM SPECTRA FOR DIFFERENT INTERNUCLEAR DISTANCES
In Fig. 1 , we present the longitudinal (parallel to the laser polarization direction, i.e., the z axis) momentum distributions of doubly charged ions for R from 2 to 12 a.u. The ion momenta are obtained as the sum of the momentum vectors of the two emitted electrons because the momentum of the absorbed photons is negligibly small [1] . The ion momentum spectra as a function of the CEP are plotted in the first and third columns. The second and fourth columns show the CEP-averaged ion momentum distributions for different internuclear distances. For all internuclear distances, the spectra exhibit a pronounced CEP-dependent asymmetry in the emission direction of the doubly charged ions (see the first and third columns in Fig. 1 ). When R = 2 a.u., the CEP-resolved ion momentum spectra [see Fig. 1(a) ] are concentrated in a nonzero region and the CEP-averaged ion momentum distribution exhibits a clear double-hump structure [see Fig. 1(b) ]. This is consistent with the recent experimental results on NSDI of nitrogen, where the shape of the CEP-averaged ion momentum distributions shows a pronounced double-hump structure [18] . With increase of the internuclear distances, Figs. 1(c), 1(e), and 1(g) show that the ion momentum spectra shift gradually to low momenta and the CEP-averaged ion momentum distributions evolve from a double-hump structure [see Fig internuclear distance increases to 12 a.u., as shown in Fig. 1(l) , the CEP-averaged ion momentum distribution exhibits a triplehump structure since a large part of the ion momentum spectra is concentrated in a nonzero region [see Fig. 1(k) ]. These results indicate that for few-cycle pulses, the microscopic electron dynamics responsible for NSDI at various internuclear distances are different and complex. In order to discuss the CEP dependence of the ion momentum spectra in more detail, we define an asymmetry parameter. The asymmetry parameter can be represented by the parameter A = (N − − N + )/(N − + N + ), where, for a given CEP φ, N − and N + are the numbers of ions with a negative and positive momentum component along the polarization axis, respectively. The CEP-dependent asymmetry in doublycharged-ion momentum spectra is displayed in Fig. 2 . For each internuclear distance, the asymmetry parameter as a function of the CEP φ is shown in Fig. 2 . The CEP-dependent asymmetry exhibits a sine-like behavior for different internuclear distances. Figure 2 shows that the amplitude of the asymmetry decreases rapidly at first and then increases slowly with increasing internuclear distances. Furthermore, the locations of the maximum (or minimum) values of the asymmetry curves are different at different internuclear distances. These results mean that the CEP-dependent asymmetry in the ion momentum spectra sensitively depends on the internuclear distance of the molecule, which may derive from the different dominant DI channels for different internuclear distances. Note that for each internuclear distance, although the ensemble size influences the smoothness of the asymmetry curves, the contributions of the various ionization channels to the total NSDI yields are almost unchanged.
IV. TRANSITIONS IN DIFFERENT CHANNELS OF ELECTRON EMISSION
Tracing back the temporal evolution of DI trajectories allows us to unveil the microscopic two-electron dynamics of strong-field molecular DI, and thus provides an intuitive way to identify the different ionization mechanisms. For each DI trajectory, the ionization time of the first electron t i1 is defined as the instant when the energy of one electron is above the suppressed barrier of the potential and with a velocity pointing to the outside direction of the potential well [24] , where the energy of an electron includes kinetic energy, the ion-electron potential, and half of the electron-electron potential. The collision time t c is defined to be the instant of closest approach after the first departure of one electron from the parent ion.
To explore the dynamical process responsible for the different structures of the doubly-charged-ion momentum spectra, we examine the delay time between t c and t i1 for different internuclear distances. Figure 3 shows the counts of DI events versus delay time between t c and t i1 . In Fig. 3 the delay times are plotted in units of optical cycle. For R = 2 a.u., the peak in Fig. 3(a) is located near 0.5T (where T is the length of the laser cycle), suggesting that most of the collisions occur near the zero crossing of the laser field. This is consistent with the prediction of the simple-man model [9] . Thus, the recollision process is the responsible dynamics for NSDI at small internuclear distances, while, with increase of the internuclear distance [see Figs. 3(a)-3(d) ], the area under this peak becomes small, meaning that fewer DIs occur through the recollision process. For moderate and large internuclear distances, besides the peak located near 0.5T , there is a peak near 0.125T , and the area under this peak becomes large as the internuclear distance increases. Compared with the recollision 053419-3 process, the delay time is very short and the collision dynamics is defined as a direct collision process [27] . The different processes of NSDI in our calculations can be obtained by tracing the classical trajectories.
Two sample DI trajectories for the recollision mechanism (the left column) and the collision mechanism (the right column) are plotted separately in Fig. 4 nucleus. Through careful examination of the DI trajectories, we find that for the two collision processes, the most likely scenario for the laser intensity used in our work is the production of a doubly excited state (DES) [see Figs. 4(b) and 4(d)] after the collision. Because there is a subcycle delay time between DI and collision, the impact excitation DI channel is predominantly responsible for the DI process.
To give an overall understanding of the evolution of ion momentum distributions, we analyze the contributions of the different ionization channels to the total DI yield for different internuclear distances. Here, the NSDI trajectories are classified and segregated according to the delay time between the collision time and single-ionization time. This is a common and valid method of identification and analysis of electron dynamics in strong-field-ionization processes. As shown in Fig. 3 , the statistical results show that for the RESI and CESI trajectories, the peaks of distributions of the delay time are located near 0.5T and 0.125T , respectively. This means that the appropriate criterion is a value between 0.125T and 0.5T . By analyzing large numbers of DI trajectories, it is found that a delay time of 0.2T is a suitable criterion for all internuclear distances. Thus, in our paper, the criterion of the delay time is set to be 0.2T for different internuclear distances. By back-tracing the trajectories, the DI pathway can be classified as the RESI channel if this time delay is larger than 0.20T and the CESI channel if it is less than 0.20T .
We have also performed another analysis with different values of the criterion such as 0.15T and 0.25T . The results show that the relative contributions of the RESI and CESI channels to the total DI yields are almost unchanged by a change of the criterion. For instance, for R = 5 a.u., when the values of the criterion are 0.15T , 0.20T , and 0.25T , the contributions of the RESI channels to the DI are 39%, 38%, and 37%, respectively. When R = 12 a.u., the corresponding contributions of the CESI channels to the DI yields are about 72.8%, 74.1%, and 74.6%, respectively. These results indicate that the percentage contributions of the responsible ionization channels to the NSDI change very little when the values of the criterion change from 0.15T to 0.25T .
As shown in Fig. 5 , the relative contribution of different DI channels changes with the internuclear distance. Figure 5(a) shows that the contribution of the RESI channel to the total DI yield decreases quickly at first and then decreases slowly with increasing internuclear distance. Instead, as shown in Fig. 5(b) , the contribution of the CESI channel increases quickly at first and then increases slowly as the internuclear distance increases. These results indicate that for small internuclear distances, the RESI channel is the dominant channel for DI, while for large internuclear distances, the CESI channel is predominantly responsible for the DI process. For moderate internuclear distances, both RESI and CESI channels contribute significantly to NSDI.
For the RESI and CESI channels, the two electrons are ionized one by one from the DES. Based on the ionization time, to discuss the transitions of different channels in detail, we further classify the DI process. If the two excited electrons are both released before the first maximum of the laser field after collision, the corresponding DI processes are identified as RESIa and CESIa, respectively. If only one excited electron is ionized before the first maximum of the laser field after collision and the other is released near the subsequent field maximum, the corresponding DI processes are identified as RESIb and CESIb, respectively. According to classical considerations [9] , the two electrons from NSDI are more likely to be emitted into the same hemisphere when the DI events occur through the RESIa and CESIa channels, while, for the RESIb and CESIb channels, the electron pairs mainly escape into opposite hemispheres.
When R = 2 a.u., the statistical result reveals that nearly 90% of the DI events occur through the RESIa channel. This suggests that the correlated electron pairs are more likely to be emitted into the same hemisphere. Thus the CEP-averaged doubly-charged-ion momentum distributions exhibit a clear double-hump structure for the small internuclear distances [see Figs. 1(b) and 1(d) ]. Comparing Fig. 1(b) with 1(d) , one can see that the valley of the ion momentum distributions becomes shallow as the internuclear distance increases. This mainly originates from a decrease of the contribution of RESIa and increase of the contribution of CESIb to DI.
For R = 5 a.u., the sum of contributions of the RESIb and CESIb channels to the total DI yield is above 70%, which implies that the two electrons are emitted predominantly to opposite directions [9] . As a consequence, the CEP-averaged ion momentum distributions exhibit a single-hump structure [see Fig. 1(h) ] and the amplitude of the asymmetry curve is very small [see Fig. 2(d) ]. Note that for the CESIa channel, its contribution to the total DI increases slowly at first and then increases quickly as the internuclear distance increases [see Fig. 5(b) ]. When R = 12 a.u., about 51% of the DI occurs through the CESIa channel, indicating that the CESIa channel plays an important role in NSDI at large internuclear distances. Furthermore, the statistical results show that the sum of contributions of the RESIb and CESIb channels is about 40%. Thus, the CEP-averaged ion momentum distributions exhibit a triple-hump structure for large internuclear distances [see Fig. 1(l) ]. From the above discussion, we may draw the conclusion that with increasing internuclear distance, the process responsible for NSDI changes from the RESI channel to the CESI channel where the first electron ionizes along the internuclear axis, moves directly towards the other nucleus, and kicks out the second electron. This change leads to the result that the shape of the CEP-averaged ion momentum spectrum shows a double-single-triple peak structure as the internuclear distance increases.
V. THE CEP EFFECTS ON THE IONIZATION DYNAMICS
To explain the CEP-dependent asymmetry in the ions' momentum spectra, similarly to the previous studies for atoms [15, 28] , we discuss the CEP effects on the ionization dynamics of the first electron. The counts of DI events versus single-ionization time t i1 for internuclear distances R = 2 (the left column), 4 (the middle column), and 12 a.u. (the right column) are plotted in Fig. 6 for the CEP φ = 0 (the top row), π/6 (the middle row), and π/2 (the bottom row). From Fig. 6 , it is clearly seen that the distribution of the single-ionization times for R = 2 a.u. shows two peaks separated by the neighboring half cycle of the laser field [see Figs. 6(a)-6(c)]. However, for R = 4 and 12 a.u., the distributions exhibit a series of peaks ]. In particular, Fig. 6 shows that as the CEP increases, not only the location but also the size of the peak is changed with a shift of the electric field peak.
The electric field of the laser pulse is plotted in Fig. 7 , where the CEP is 0 and π/6. When the molecule is placed in such a pulse field, it can be ionized when the electric field is near the local maximum (or minimum). Under the present situation, the statistical results show that for the total DI events, more than 98% of the single-ionization processes occur during the four half cycles, as indicated by G 1 , G 2 , G 3 , and G 4 in Fig. 7 . The contributions of the four half cycles to the total DI yield are marked g 1 , g 2 , g 3 , and g 4 , respectively. Thus, in the following, we will analyze the CEP-dependent asymmetry in the ions' momentum spectra by considering the individual contributions from these four half cycles for different internuclear distances.
For R = 2 a.u., as shown in Figs. 6(a)-6(c), the singleionization time is concentrated in two half cycles G 2 and G 3 . Back analysis reveals that the negative ion momentum (see Fig. 1 ) is mainly due to the contribution of the half cycle G 2 , and the positive ion momentum is mainly due to G 3 . As a result, the asymmetry parameter is (g 2 − g 3 ) for each CEP. With increase of the internuclear distance, because of the low ionization potential [25] , the single-ionization processes occur during the four half cycles G 1 , G 2 , G 3 , ]. The statistical results reveal that for R = 4, the contribution of half cycles G 2 and G 4 is responsible for the negative ion momenta and the positive ion momenta mainly originate from the contribution of G 1 and G 3 . For R = 12 a.u., with the help of classical trajectory diagnosis, it is found that the CEP dependence of the asymmetric ion momentum distribution is mainly due to the contribution of the half cycles G 1 , G 3 , and G 4 . The positive ion momenta derive from the contributions of G 1 and G 4 and the contribution of G 3 is responsible for the negative ion momenta. Although the contribution of G 2 to the total NSDI yield is about 50%, it has almost no effect on the asymmetry in the momentum distribution because it is uniformly distributed in the four quadrants for the two electrons from NSDI. As a consequence, the asymmetry parameters are (g 2 + g 4 ) − (g 1 + g 3 ) and g 3 − (g 1 + g 4 ) for R = 4 and 12 a.u., respectively.
As shown in Fig. 8 , the CEP-resolved yields of the negative (dark blue filled circles and solid curves) and positive (purple empty circles and dotted curves) doubly-charged-ion momenta and the difference between the two yields (red empty circles and solid curves) for CEPs ranging from 0 to π are plotted for R = 2,4,12 a.u., respectively. Comparing with the Figs. 2(a), 2(c), and 2(f), the CEP-dependent asymmetry is well consistent for different internuclear distances. Therefore, the effects of CEP on the ionization dynamics of the first electron in the above-mentioned four half cycles dramatically affects the asymmetry in momentum, which depends sensitively on the internuclear distance.
An interesting result should be noted: for the total DI events, the distributions of the single ionization time for moderate and large internuclear distances show two peaks in a certain half cycle, as shown in Fig. 6 (see the middle and right columns). This behavior [multiple-ionization bursts (MIBs)] is first observed by solving the time-dependent Schrödinger equation and it is interpreted as transient electron location at one of the protons on the attosecond time scale [29] . By tracing the classical trajectories, it is found that for the RESI channels, the single ionizations often occur just after the peak of the electric field. Instead, for the CESI channels, the results show that almost all single ionizations occur just before the electric field maximum. Furthermore, back analysis reveals that the RESI channel is predominantly responsible for the NSDI process at small internuclear distances. Then the distribution of the single-ionization time exhibits a single-peak structure in a half cycle of the laser field (see the left column of Fig. 6 ), while for large internuclear distance, besides the RESI channel, the CESI channel plays an important role in NSDI, which means that for the total DI events, the distribution of the single-ionization time shows a double-peak structure in a half cycle of the laser field (see the right column of Fig. 6 ). As a result, the MIBs occur at large internuclear distance, but not at small internuclear distance. 
VI. SUMMARY
In summary, the CEP dependence of the ionization dynamics in molecular NSDI driven by few-cycle laser pulses is investigated for different internuclear distances. The results show that the CEP-dependent asymmetry of the ion momentum spectra are different at different internuclear distances. By tracing the classical trajectories, it is found that the asymmetric ion momentum spectra are closely related to the ionization dynamics of the first electron. Back analysis reveals that with increase of the internuclear distance, the responsible DI mechanism transforms from the RESI channel to the CESI channel. This transformation of NSDI channels leads to the result that the shape of the CEP-averaged ion momentum spectrum shows a double-single-triple peak structure as the internuclear distance increases. These results represent an important step towards understanding the nature of the correlated dynamics of molecular DI with extended internuclear distances where the contribution of the CESI channel to NSDI can compete with that of the RESI channel.
